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Abstract— In this paper we address the problem of driving
a group of agents towards a consensus point when agents have
a discrete-time single-integrator dynamics and the communi-
cation graph is undirected and time-varying. We propose a
decentralized Model Predictive Control (MPC) scheme that
takes into account constraints on the agent inputs and show
that it guarantees consensus under mild assumptions. Since the
global cost does not decrease monotonically, it cannot be used as
a Lyapunov function for proving consensus. Rather, our proof
exploits geometric properties of the optimal path followed by
individual agents.

I. INTRODUCTION

This paper deals with consensus problems for dynami-
cally uncoupled agents described by a discrete-time single-
integrator model and subject to possible time-varying in-
terconnections. The objective is to define a decentralized
control strategy guaranteeing that the states of all the agents
converge to a common value, called consensus point, which
generally speaking depends on the agents’ states and on the
communication network. The importance of the problem is
due to many potential technical applications, e.g. in computer
graphics, unmanned autonomous vehicles, sensor networks
and, generally speaking, in the control of cooperating sys-
tems (see [1] and the references therein).
In recent years, many control laws capable of guaranteeing
consensus for various models of the agents’ dynamics and
the communication network have been proposed, see e.g.
[2], [3], [4], [5], [6], [7], [8]. Most of them do not exploit
optimal control ideas and, with the exception of [2] and
[6], do not account for input constraints, which in many
cases have to be included in the problem formulation due to
actuator limitations. In this paper we propose an innovative
solution based on Model Predictive Control (MPC), which
is a widely used approach in view of its ability to handle
control and state constraints. Stabilizing MPC algorithms for
decentralized and distributed systems have been proposed
in [9], [10], [11], [12], [13] for dynamically coupled and
uncoupled systems. However, to the best of our knowledge,
no applications of MPC have been reported so far for
the consensus problem with the notable exception of [14],
where the properties of the proposed algorithm are confirmed
by means of simulation experiments. On the contrary, the

method described in this paper can be formally proven to
guarantee (asymptotic) consensus under control constraints
and for time-varying communication graphs. Notably, the
proof of the main result does not rely on the standard
arguments used in predictive control to guarantee closed-
loop stability, see e.g. [15], [16], since the global cost to
be minimized by the MPC algorithm is not monotonically
decreasing and, as such, it cannot be used as a Lyapunov
function. Rather, our proof exploits geometric properties of
the optimal path followed by individual agents and relies on
the general results described in [2] for analyzing consensus.

The paper is organized as follows: Section II is devoted
to the definition of models for the agents’ dynamics and the
communication network. Section III summarizes some key
results on convergence in multi-agent systems presented in
[2] and used in this paper. Section IV describes the main
result. Section V consists of two simulation examples and
Section VI is devoted to conclusions. Finally Appendix A
contains technical results used in the proof of convergence
that is given in Appendix B.

II. BASIC NOTIONS

We consider a set of n agents with discrete-time dynamics

xi(k + 1) = xi(k) + ui(k), i = 1, . . . , n (1)

and initial condition xi(0) = x̃i, where xi(k) ∈ Rd and
ui(k) ∈ Rd are the state and the control input, respectively,
of agent i at time k ∈ N. As an example, considering a
group of autonomous vehicles moving in a d-dimensional
geometric space, xi(k) and ui(k) can describe the position
and control of agent i.
The communication network is modeled as a graph G =
(NG, EG), where NG = {1, . . . , n} is the set of nodes index-
ing individual agents and EG ⊆ {(i, j) : i, j ∈ NG, j 6= i} is
the set of edges. We assume that G is undirected, which
means that (i, j) ∈ EG ⇔ (j, i) ∈ EG. The adjacency matrix
defined on G is the n× n matrix A(G) = [aij ], where

aij =

{
1 if ∃(j, i) ∈ EG

0 otherwise
(2)



If (j, i) ∈ EG we say that j is neighbor of i and j-th
agent transmits instantaneously its state to the i-th agent.
The set of neighbors to the node i ∈ NG is Ni(G) = {j ∈
NG : (j, i) ∈ EG} and |Ni| is the valency of the i-th node.
The valency matrix is V (G) = diag{|N1|, . . . , |Nn|}. We
introduce the matrices

K̃(G) = [V (G) + In]−1[In + A(G)]

and
K(G) = K̃(G)⊗ Id

where ⊗ denotes the Kronecker product and Id is the identity
matrix of order d. The matrix K̃(G) is stochastic (i.e. it is
square and nonnegative and its row sums are equal to 1)
and K(G) enjoys the same property (see [17]). Note that
the entry (i, j) of K̃(G) is non null if and only if i = j or
(j, i) ∈ EG.
The undirected graph G is connected if, ∀(i, j) ∈ NG×NG,
there exists a path from i to j. The creation and loss of
communication links can be modeled by means of a time-
dependent collection of graphs {G(k) = (NG, EG(k)), k ∈
N}.

Definition 1 [17] A collection of graphs {G(1), . . . , G(m)}
is jointly connected if ∪m

i=1G(i) = (NG,∪m
i=1EG(i)) is con-

nected. The agents are linked together on the time interval
l, (l + 1), . . . , m, l ≤ m ≤ +∞ if the collection of graphs
{G(k), k = l, . . . , m} is jointly connected.

III. PRELIMINARY RESULTS

For sake of completeness we review here results provided
in [2] that will enable us to prove consensus under the MPC
we will propose in the sequel. Assume that agents obey to
the general closed-loop dynamics

x(k + 1) = f(k, x(k)) (3)

where x(k) = [x1(k)T · · ·xn(k)T ]T . Let Φ be the set of
equilibria for (3).

Definition 2 [2] System (3) is globally attractive w.r.t. Φ if
for each φ1 ∈ Φ, ∀c1, c2 > 0 and ∀k0 ∈ N, ∃T ≥ 0 such
that every solution ζ to (3) has the following property:

|ζ(k0)−φ1| < c1 ⇒ ∃φ2 ∈ Φ : |ζ(k)−φ2| < c2, ∀k ≥ k0+T.

Definition 3 The multi-agent system (3) asymptotically
reaches consensus if it is globally attractive w.r.t. Φ = {x ∈
Rd : x1 = x2 = · · · = xn}.

The consensus results stated in [2] hinge on the following
convexity assumption.

Assumption 1 For every graph G(k), agent i ∈ NG

and state x ∈ Xn, X ⊆ Rd, there is a compact set
ei(G(k))(x) ⊆ X such that:

1) fi(x, k) ∈ ei(G(k))(x), ∀k ∈ N, ∀x ∈ Xn;
2) ei(G(k))(x) = {xi} if xi = xj , ∀j ∈ Ni(G(k));

3) whenever the states of agent i and agents j ∈ Ni(G(k))
are not all equal, ei(G(k))(x) ∈ Ri(Co({xi(k)} ∪
{xj(k), j ∈ Ni(k)})), where Co(A) and Ri(A) denote
the convex hull and the relative interior, respectively, of
the set A;

4) the set-valued function ei(G(k))(x) : Xn 7→ 2X is
continuous (2X is the power set of X).

We are now in a position to state the main Theorem on
consensus we will use.

Theorem 1 [2] Let {G(k), k ∈ N}, be a collection of undi-
rected graphs and assume that f in (3) verifies Assumption
1. Then, the system (3) asymptotically reaches consensus if
and only if, ∀k0 ∈ N, all agents are linked together across
the interval [k0, +∞).

IV. PROBLEM FORMULATION AND SOLUTION

In this section we propose a distributed control strategy
for consensus based on an MPC scheme defined on a finite
horizon of length N ≥ 1. We associate to the i-th agent,
whose dynamics is described by (1), the input vector Ui(k) =
[uT

i (k) · · ·uT
i (k + N − 1)]T and the cost

Ji(x(k), Ui(k)) = Jx
i (x(k), Ui(k)) + Ju

i (Ui(k)) (4)

with

Jx
i (x(k), Ui(k)) = qi

N∑

j=1

‖xi(k + j)− zi(k)‖2 (5)

Ju
i (Ui(k)) = ri

N−1∑

j=0

‖ui(k + j)‖2 (6)

where qi, ri > 0 are weights, x(k) = [xT
1 (k) · · ·xT

n (k)]T is
the state of the multi-agent system at the beginning of the
prediction horizon, zi(k) .= Ki(G(k))x(k) and Ki(G(k))
is the i-th block of the matrix K(G(k)), partitioned as
K(G(k)) = [KT

1 (G(k)) · · ·KT
n (G(k))]T , with Ki(G(k)) ∈

Rd×dn, i = 1, ..., n. Notice that zi(k) is just the barycenter
of {xi(k)} ∪ {xj(k), j ∈ Ni(k)}.
Cost (4) is decentralized, because the term Ki(G(k))x(k)
depends on the state variables of neighbors to the i-th agent
at time k.
Consider the following finite-horizon control problem for
agent i ∈ NG:

min
Ui(k)

Ji(x(k), Ui(k)) (7)

subject to the following constraints:
(a) the agent dynamics (1);
(b) the input constraint ‖ui(k + j)‖ ≤ ui,max, ui,max >

0,∀i ∈ NG, ∀j ∈ {0, . . . , (N − 1)} .
Optimal inputs will be denoted with Uo

i (x(k)) =
[uoT

i (k) · · ·uoT
i (k+N−1)]T and we will investigate the con-

sensus properties provided by the Receding-Horizon control
law

uRH
i (k) = κRH

i (x(k)), κRH
i (x(k)) = uo

i (k) (8)



Note that problem (7) is always feasible since Ui(x(k)) = 0
is a feasible input.

Theorem 2 Consider the closed-loop multi-agent system
given by

x(k + 1) = f(x(k)) (9)

where

f(x(k)) =




f1 (x(k))
...

fn (x(k))


 , fi(x(k)) = xi(k)+κRH

i (xi(k))

Then, the map f fulfills Assumption 1.

The proof of this Theorem can be found in Appendix B
and is based on the geometrical properties of optimal state
trajectories that are provided in Appendix A.

We are now in a position to state the main result of the
paper.

Theorem 3 Let G(k), k ∈ N be a sequence of undirected
graphs sharing the node set NG = {1, . . . , n}. Then the
closed-loop multi-agent system given by (1) and (8) asymp-
totically reaches consensus if and only if, ∀k0 ∈ N, all agents
are linked together across the interval [k0, +∞).

Proof: In view of Theorem 2, the proof is a straightforward
application of Theorem 1. ¥

We highlight that the application of the Receding-Horizon
technique to the finite-horizon optimal control problem (7)
produces a dependency of the consensus point from both the
instantaneous communication network and the agents’ states.

V. SIMULATION RESULTS

Example 1 We consider a set of n = 5 agents moving in a
bidimensional space, with initial states x1(0) = [−30 30]T ,
x2(0) = [−25 35]T , x3(0) = [65 − 75]T , x4(0) =
[70 − 68]T , x5(0) = [100 − 25]T . We consider a prediction
horizon N = 3. The weights in the cost function (4) are
qi = 1, i = 1, . . . , 5, r1 = 100, ri = 1, i = 2, . . . , 5. The
communication network is described by the time-invariant
undirected graph represented in Fig. 1, that corresponds to
the following matrix:

K̃(G) =




1
2

1
2 0 0 0

1
3

1
3

1
3 0 0

0 1
3

1
3

1
3 0

0 0 1
3

1
3

1
3

0 0 0 1
2

1
2




(10)

The input constraints (b) are given by ui,max = 100, i =

1 52 43

Fig. 1. Communication network.

1, . . . , 5. The simulation in Fig. 2 shows asymptotic con-
vergence towards a consensus point. Since r1 À ri, i =

2, 3, 4, 5, agent 1 behaves approximatively as a leader, in the
sense that its state influences the movement of the neighbors
while its movement is almost uninfluenced by the others’
states. In this case, input constraints are never active.
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Fig. 2. Example 1: Evolution of agents’ position. Dashed line: path
followed by agent 1.

It is important to notice that in this example both
the cost functions J1(x(k), U1(k)) and J(x(k), U(k)) =∑5

i=1 Ji(x(k), Ui(k)) are not monotonically decreasing over
time (see Fig. 3). This implies that the global cost function
J(x(k), U(k)) cannot be interpreted as a Lyapunov function
as it is usually done to prove the stability of MPC algo-
rithms, see e.g. [15], [16]. This justifies the necessity of an
alternative technique to prove convergency, as the one we
propose, based on geometrical concepts.
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Fig. 3. Example 1: Cost of individual agents and global cost
J(x(k), U(k)) =

P5
i=1 Ji(x(k), Ui(k)) (continuous line).

Example 2 We use the same setting of Example 1, but
now we suppose ri = 1, i = 1, . . . , 5 and ui,max = 5.
We also assume that the communication network is time-
varying, while it respects the connection condition required



in Theorem 3 for asymptotically reaching consensus. More
in details, we generated a random sequence of undirected
graphs such that all agents are linked together across the
interval [k0, +∞), ∀k0 ∈ N. In this case, input constraints
are active (see Fig. 5). Nevertheless, consensus is asymptot-
ically achieved, in accordance with Theorem 3.
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Fig. 4. Example 2: Evolution of agents’ position.
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Fig. 5. Example 2: Control inputs of individual agents.

VI. CONCLUSIONS

We have proposed an MPC control scheme able to guar-
antee consensus in a multi-agent system where individual
dynamics are described by a single-integrator model. The
proof of consensus, which holds under suitable assumptions
on the communication graph, relies on a convergence result
by Moreau ([2]), which is applicable because of the particular
properties of optimal state trajectories. Future extensions
of this work will concern alternative MPC schemes to
control agents with double-integrator dynamics, as well as
an evaluation of the effect of communication delays and/or
uncertainties on the performances of the proposed control
schemes.

APPENDIX A
PROPERTIES OF DISCRETE-TIME PATHS

Given the points P1, P2 ∈ Rd, let P1P2 be the segment
joining them and denote with |P1P2| the segment length.
The straight line passing through P1 and P2 will be denoted
with rP1P2 . An N -path is an ordered sequence of N points
T = {P1, P2, . . . , PN} ⊂ Rd.

Definition 4 Two N -paths TA = {A1, . . . , AN} ⊂ Rd,
TB = {B1, . . . , BN} ∈ Rd are equivalent with respect to
a point O ∈ Rd if |AjO| = |BjO|, j = 1, . . . , N and we
write TA

◦∼TB .

Note that
◦∼ is an equivalence relation.

Definition 5 An N -path T = {A1, . . . , AN} ⊂ Rd is
straight if Aj ∈ rA1AN

, ∀j ∈ {1, . . . , N}.

Note that, given an N -path TA and O ∈ Rd, there always
exists a straight N -path TB verifying TA

◦∼TB . This property
is depicted in Fig. 6.

O

x

y

A0

A1

A2

A3

B
0

B1

B2
B3

Fig. 6. Two paths TA and TB in R2 equivalent with respect to O.

For P,Q ∈ Rd let sPQ be a the straight half-line starting
from P and passing through Q.

Lemma 1 For a given O ∈ Rd, let TA = {A1, . . . , AN} ⊂
Rd and TC = {C1, . . . , CN} ⊂ Rd be two N -paths such
that TC

◦∼TA, and Cj ∈ sOC1 , j = 1, . . . , N . Then, it holds
|AjAj+1| ≥ |CjCj+1|, j = 1, . . . , (N − 1).

Proof: Since Cj ∈ sOC1 we have two possibilities, for j =
1, . . . , (N − 1):
• if |Cj+1O| ≤ |CjO| one has

|AjO| ≤ |Aj+1O|+ |AjAj+1|
|CjO| = |Cj+1O|+ |CjCj+1|

• if |Cj+1O| > |CjO| one has

|Aj+1O| ≤ |AjO|+ |AjAj+1|
|Cj+1O| = |CjO|+ |CjCj+1|



and the result follows immediately from the definition of
equivalent trajectories. ¥

We highlight that under the assumptions of the previous
Lemma, one has

N−1∑

j=1

|AjAj+1|2 ≥
N−1∑

j=1

|CjCj+1|2

Moreover, this inequality is strict if ∃j : Aj 6∈ sOA1 .

Definition 6 An N -path is non-increasing with respect to
(w.r.t.) O ∈ Rd if |Aj+1O| ≤ |AjO|, ∀j ∈ {1, . . . , (N −1)}.

Note that if TA is non-increasing w.r.t. O and TB
◦∼TA then

also TB enjoys the same property.

Definition 7 The N -path TA = {A1, . . . , AN} is pointing
towards O ∈ Rd if it is non-increasing w.r.t. O and Aj ∈
A1O,∀j ∈ 1, . . . , N .

Note that if TA points towards O one has |A1AN | =∑N−1
j=1 |AjAj+1|.

Theorem 4 Let TA = {A1, . . . , AN} ∈ Rd be an N -
path. Given O ∈ Rd, there always exists an N -path TB =
{B1, . . . , BN} ∈ Rd with B1 = A1, pointing towards O and
that verifies the following inequalities:

|BjO| = |AjO|, j = 1, . . . , N (11)

|BjBj+1| ≤ |AjAj+1|, j = 1, . . . , (N − 1) (12)

Proof: From Lemma 1 there exists an N -path TC =
{C1, . . . , CN} ⊂ Rd : TC

◦∼TA, C1 = A1 and verifying
Cj ∈ sOC1 , j = 1, . . . , N . We set B1 = C1 = A1 and build
up TB in a recursive fashion.
Assume that (11) and (12) hold for all j ∈ {1, . . . , j}, j <
N .
• If Bj = Cj and |Cj+1O| ≤ |CjO| we set Bj+1 = Cj+1

and inequalities (11), (12) are verified for j = j+1 since
|Bj+1O| = |Cj+1O| and |BjBj+1| = |CjCj+1|.

• If Bj = Cj and |Cj+1O| > |CjO|, it results |Bj+1O| <
|Cj+1O| for any choice of Bj+1 such that |BjBj+1| ≤
|CjCj+1|, having imposed the following conditions:
|Bj+1O| ≤ |BjO| and Bj+1 ∈ A1O.

• If Bj 6= Cj and |Cj+1O| ≤ |BjO| we set Bj+1 =
Cj+1; in this way conditions (11) and (12) are veri-
fied, because |Bj+1O| = |Cj+1O| and |BjBj+1| <

|CjCj+1|. The latter inequality, in particular, follows
from the fact that necessarily |CjO| > |BjO| and from
the system of equations

|CjO| = |Cj+1O|+ |CjCj+1|
|BjO| = |Bj+1O|+ |BjBj+1|

• If Bj 6= Cj and |Cj+1O| > |BjO|, one has |Bj+1O| <
|Cj+1O| for any choice of Bj+1 such that |BjBj+1| ≤
|CjCj+1|. This follows from the conditions |Bj+1O| ≤
|BjO| and Bj+1 ∈ A1O.

For the auxiliary trajectory TC , recalling that TC
◦∼TA,

one has |CjO| = |AjO|, j = 1, ..., N . Furthermore, from
Lemma 1, the inequality |CjCj+1| ≤ |AjAj+1|, j =
1, . . . , (N − 1) follows.
Thus in all cases it is possible to construct an N -path TB

pointing towards O and verifying (11) and (12). ¥
If the N -paths TA and TB fulfill the assumptions of

Theorem 4, one has
N∑

j=1

|BjO|2 ≤
N∑

j=1

|AjO|2 (13)

Moreover we have the following result:

Corollary 1 Under the assumptions of Theorem 4, TB = TA

if and only if TA is pointing towards O.

Proof: The implication ⇒ is trivial. Assume that TA points
towards O. Then under the assumption of Theorem 4, one has
N−1∑
j=1

|BjBj+1|2 ≤
N−1∑
j=1

|AjAj+1|2. The inequality is strict

only if ∃j : Aj 6∈ sOA1 . However this case cannot happen if
TA is pointing towards O. Therefore

|BjBj+1| = |AjAj+1|, ∀j = 1, . . . , (N − 1)

and from the fact that A1 = B1 the thesis follows. ¥

APPENDIX B
TECHNICAL PROOF OF THEOREM 2

Proof: With the notations used in Assumption 1, we set X =
Rd and ei(G(k))(x) = {fi(x)}. Then point 1 of Assumption
1 is trivially verified. For point 2, when xi(k) = xj(k),∀j ∈
Ni(G(k)), then zi(k) = xi(k). From the definition of the
cost Ji, it is immediate to verify that Ji(x(k), 0) = 0 and
hence the optimal inputs Uo

i (x(k)) are zero. This implies
that fi(x) = xi, and point 2 is verified.
The most difficult part of the proof consists in verifying point
3. If there exists j ∈ Ni(G(k)) such that xi(k) 6= xj(k) one
has that xi(k) 6= zi(k).
Let Xi(x(k), Ui(k)) = [xT

i (k) · · ·xT
i (k+N)]T be the vector

collecting the states of the i-th agent when the input sequence
Ui(k) is applied, with ui(k+j), j = 0, . . . , (N−1) fulfilling
the constraint (b).
As a first step we show that Xo

i (x(k), Uo
i (k)) =

[xoT
i (k) · · ·xoT

i (k + N)]T is a path pointing towards zi(k).
Note that, because of the single-integrator dynamics (1),
expression Ju

i can be rewritten as:

Ju
i (Ui(k)) = ri

N−1∑

j=0

‖xi(k + j + 1)− xi(k + j)‖2

Theorem 4 applied with O = zi(k) shows that, given the
generic N -path Xi(k) = [xT

i (k) · · ·xT
i (k+N)]T , there is an

N -path X̂i(k) = [x̂T
i (k) · · · x̂T

i (k+N)]T with x̂i(k) = xi(k)
pointing towards zi(k) and such that, ∀j = 0, . . . , (N − 1),
both the following inequalities hold:

‖x̂i(k + j + 1)− zi(k)‖ ≤ ‖xi(k + j + 1)− zi(k)‖ (14)



‖x̂i(k + j + 1)− x̂i(k + j)‖ ≤ ‖xi(k + j + 1)− xi(k + j)‖
(15)

Inequality (15) implies that the input vector Ûi(k) =
[ûT

i (k) · · · ûT
i (k+N−1)]T , producing X̂i(x(k)), fulfills the

constraint (b). Moreover (14) implies that Jx
i (x(k), Ûi(k)) ≤

Jx
i (x(k), Ui(k)) and (15) that Ju

i (Ûi(k)) ≤ Ju
i (Ui(k)).

From Corollary 1, one concludes that the optimal control
vector is Uo

i (k) = Ûi(k); correspondingly, the optimal state
path for agent i is Xo

i (x(k), Uo
i (k)) = X̂i(x(k), Ûi(k)) and

therefore it points towards zi(k).
As a second step, we show that xi(k) 6= zi(k) implies
that uo

i (k) 6= 0. This will be proved by first showing that
Uo

i 6= 0. By contradiction assume that Uo
i (x(k)) = 0

is the optimal input sequence. Then Ji(x(k), Uo
i (k)) =

Nqi ‖xi(k)− zi(k)‖2. Consider the input sequence Ūi(k) =
[(α(xi(k) − zi(k)))T 0T · · · 0T ]T , 0 < α ≤ 1, where α is
such that ‖α(xi(k)− zi(k))‖2 < ui,max, and let X̄(k) =
[x̄(k) · · · x̄(k+N)] be the corresponding state path. One has

Ji(x(k), Ūi(k)) =Nqi(1− α)2 ‖xi(k)− zi(k)‖2
+ r2

i α2 ‖xi(k)− zi(k)‖2
(16)

For α < 2Nqi

Nqi+ri
one has J(x(k), Ūi(k)) < J(x(k), Ūo

i (k))
and therefore Uo

i (k) = 0 cannot be the optimal input
sequence.

Now we prove that uo
i (k) 6= 0. By contradiction, assume

that the optimal input vector is Uo
i (k) = [0T uoT

i (k +
1) · · · uoT

i (k+N−1)]T , with uoT
i (k+1) 6= 0. Now consider

the input Ūi(k) = [uoT
i (k+1) · · · uoT

i (k+N−1) 0T ]T . We
observe that all input samples in Ūi(k) verify the constraint
(b), as those of Uo

i (k) do. Then,

J(x(k),Ūi(k))− J(x(k), Uo
i (k))

= qi

∥∥∥∥∥∥
xi(k) +

N−1∑

j=0

uo
i (k + j)− zi(k)

∥∥∥∥∥∥

2

− qi ‖xi(k)− zi(k)‖2 < 0

(17)

Inequality (17) follows from the fact that some input uo
i (k+

j), j = 0, . . . , (N−1) is non null and every input makes the
state follow a path that points towards zi(k).
The property of stochasticity of the matrix K(G(k)), to-
gether with the assumptions that Ni(G) 6= ∅ and xi(k) 6=
zi(k) implies that zi(k) ∈ Ri(Co({xi(k)} ∪ {xj(k), j ∈
Ni(k)})). When also xi(k) ∈ Ri(Co({xi(k)} ∪ {xj(k), j ∈
Ni(k)})) it is trivial to conclude that the optimal trajectory
belongs to Ri(Co({xi(k)} ∪ {xj(k), j ∈ Ni(k)})). When
xi(k) ∈ cl(Co({xi(k)}∪ {xj(k), j ∈ Ni(k)})), by applying
the line segment principle [18] the same conclusion follows
because the optimal trajectory is totally included in the
segment connecting xi(k) and zi(k).
Finally, also point 4 in Assumption 1 is verified. In fact,
since we have proven that the optimal state trajectory
Xo

i (xi(k), Uo
i (k)) is pointing towards zi(k), it is possible to

write: xi(k+1) = xi(k)+β(k)L(k)(zi(k)−xi(k)), ∀k ∈ N,
where 0 ≤ L(k) ≤ 1 (specifically, L(k) = 0 only when

zi(k) = xi(k)) and

β(k) =
{

1 if L(k) ‖zi(k)− xi(k)‖ ≤ ui,max
ui,max

L(k)‖zi(k)−xi(k)‖ otherwise

It is then evident that the function fi(x) is continuous, and
therefore ei(G(k))(x) is also continuous.
In conclusion, Assumption 1 holds and the proof is complete.
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